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SUMMARY 


The singularity problem associated with wrist mechanisms commonly found on 
industrial manipulators can be alleviated by redesigning the wrist so that it functions as 
a three-axis gimbal system. This paper discusses the kinematics of gimbal robot wrists 
made of one and two Hooke universal joints. Derivations of the resolved rate motion 
control equations for the single and double Hooke universal joint wrists are presented 
using the three-axis gimbal system as a theoretical wrist model. 


INTRODUCTION 


Resolved rate motion control is a simple but effective method of controlling a robot 
arm in which an operator specifies the motion of the robot hand and a computer pro- 
gram resolves this commanded motion into individual robot joint motions. For a robot 
with six revolute joints, the commanded motion can often be separated into a transla- 
tional component which is resolved into motions of the waist, shoulder, and elbow joints 
and a rotational component which is resolved into rotations about the three joint axes of 
the wrist (ref. 1). Unfortunately, many conventional industrial robot wrists cannot phys- 
ically produce some commanded hand rotations. This condition occurs when two of the 
rotational axes of the wrist become aligned and appears as a singularity in the resolved 
rate control equations. References 2 and 3 discuss methods of coping with this singular- 
ity. 


An alternative to using special methods to avoid the singularity of a conventional 
robot wrist is to redesign the wrist so that it operates in a manner similar to the three- 
axis gimbal system used in aircraft motion analysis (refs. \ and 5). A three-axis gimbal 
wrist, when compared with conventional robot wrists, has a significantly increased 
singularity-free workspace and can improve robot performance in applications requiring 
dexterity similar to that of a human arm. Unfortunately, actually constructing a three- 


f The mention herein of a tradename or a trademark of a commercial product does not 
consitiuto any endorsement or recommendation for use by the Government. 



axis gimbal wrist is a considerable challenge. References 6 and 7 discuss two wrist 
designs which do not produce purely rotational motions like a three-axis gimbal wrist, 
but do eliminate the singularity problem of the conventional robot wrist. Building a 
purely rotational wrist (which is desirable because it simplifies the resolved rate control 
equations for the robot) with a singularity-free workspace of at least a hemisphere 
continues to elude robot wrist designers. 

The kinematics of a Hooke universal joint gimbal wrist design is discussed in this 
paper. If the workspace of the wrist can be limited to a cone with an included angle of 
about 90°, then a single Hooke joint can be used to build a true three-axis gimbal wrist. 
In order to expand the wrist workspace to a hemispherical surface, two Hooke joints 
must be used and translational velocities are introduced into the resolved rate control 
equations for the wrist. The purpose of this paper is to develop the kinematic resolved 
rate equations for gimbal-type wrists constructed from one and two Hooke universal 
joints. The analysis is presented using concepts from flight dynamics. 


SYMBOLS 


l 

n , o', a , u 

V , 7, r 
S' (' 

y i V 

Rot(/t, a) 

Trans (/l, u) 

V Iran a 

(A> Yr Zr) 
(.V// Yu Zu) 

(^igd ^ ujd Zi,j,l ) 
( Z ogd 1 ogil Z,tgil 

(A'ivi Y\vi Zwt) 


length of the intermediate shaft connecting two Hooke universal joints 

columns 1, 2, 3, and 4, respectively, of a general transformation 
matrix 

commanded rotational rates about Xu, Yu, and Z//, respectively 
sin nr and cos n, respectively 

rotation transformation of an angle a about the A axis 
translation transformation of a distance u along the A axis 
translational velocity of the second joint of a double Hooke joint wrist 
forearm axis system 
hand axis system 

inner gear drive axis system for the double Hooke joint wrist 
outer gear drive axis system for the double Hooke joint wrist 
the i th wrist axis system 
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Z:i, Z 4 , Zn 
fi 


1 


On , V\l 

Or , [, 0(\ 

<t>, 0 , ?/; 


rotational joint axes of a conventional robot wrist. 

angle between the driver shaft and the driven shaft of a Hooke univer- 
sal joint 

angle of the driver shaft of a Hooke universal joint 
actuator angles which produce Euler angles of 0 and t/> 
joint angles of a conventional robot wrist 
Euler angles 


A dot over a symbol indicates first derivative with respect to time. All vectors 
and transformations are expressed using the homogeneous transformation convention 
round in reference 8. Vectors are in lower case letters with arrows or are expressed by 
components. Coordinate system axes are in capital letters. For example, the vector 
u has coordinates {z// yu zu 1} T when it is expressed in the {Xu Yu Zu ) axis 
system. The superscript T in the example means transpose. A caret (*) over a vector 
indicates that the vector is expressed in the robot’s forearm coordinate system, which is 
considered fixed in this paper. 


ANALYSIS 


Figure I is a drawing of a typical industrial robot wrist. The rotational axes of the 
links of the wrist are the Z 3 , Z 4 , and Zr, axes as shown. An operator commands 
rotational rates q, and r about the A'//, Yu , and Z/f axes, respectively, of a 
right-handed axis system attached to the hand, and these rotational rates are resolved 
into rotational rates 0 4 , Or,, and Oq about the Z 3 , Z 4 , and Z& axes, respectively. 
'Pile same wrist is shown in a singular configuration in figure 2, where the Z 3 and 
Zr, axes are aligned and it is not physically possible for the wrist to instantaneously 
rotate in response to the commanded rotational rate p. A wrist design which avoids this 
problem is analyzed in this paper. 


Three- Axis Gimbal Wrists 

Reference discusses the use of three-axis gimbal systems in real time llight sim- 
ulations and how such systems could be applied to the resolved rate control of robot 
wrists. Figure illustrates how a three-axis gimbal wrist is operated. The rotational 
rates />, q, and r are commanded about the Xu, Yu, and Zu axes of a coord i- 
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nal« system attached to Idle hand of the robot. These commanded rates are resolved 
into the necessary girnbal angle rates 0, 0, and 0 about the A'w» V\v, and Z\v 
axes of the wrist axis system. Girnbal angles are also known as Euler angles and will 
be called Euler angles for the rest of this text. The Euler angle convention used in this 
paper is described in detail in reference 4. The hand axis system is rotated by the or- 
dered sequence of Euler angles: an angle 0 about the Xw axis, an angle 0 about 
the rotated Yw axis, and an angle 0 about the rotated Zw axis as shown in fig- 
ure 3. The wrist axis system is referenced to an axis system fixed to the forearm of the 
robot (Xp Yp Zp). The orientation of the forearm axis system is the orientation of the 
wrist axis system at 0=0 = 0 = 0°. The hand, wrist, and forearm axis systems are 
drawn displaced in figure 3 for clarity, but are assumed to have a common origin. The 
well-known equations which relate the commanded rates in the hand axis system and the 
Euler angle rates are 


0 = 


p cos 0 - q sin 0 
cos 0 


( 1 ) 


0 


psin 0 I <7 cos 0 


( 2 ) 


0 — r — 0sin 0 (3) 

Kquations (I), (2), and (3) arc integrated to calculate 0, 0 , and 0- The transfor- 
mation which relates a vector whose components are expressed in the forearm axis sys- 
tem (the unrotated wrist axis system) to the same vector expressed in the hand axis sys- 
tem is 


i;:i 

1 7 i 

where means cos 0, So means sin 0, etc. The inverse relation is found by 
posing the matrix in equation (4). 


UxJj -| O r/> t/> J tv 0 J U 

('o S^, S^SoS^,) [S+C* -I- C>9,,.V) 0 

.S’, -S, h Co C+Co o 

0 0 0 1 



Xp 

< 

yp 1 


»F 


1 J 


(4) 


trans- 


Single Hooke Joint Wrists 

The Hooke (or Cardan) joint is a mechanism which operates as a three-axis girnbal 
system. It consists of a driver shaft and a driven shaft connected by yokes to a cross. 


4 



The joint is often used as a coupling to transmit rotations between intersecting but 
misaligned shafts (ref. 9). A Hooke universal joint, robot wrist, is sketched in figure 
4. The robot end effector is attached to the driven shaft of the joint. There are three 
actuators in the design: actuator 1 rotates the driver shaft; actuator 2 rotates the cross 
arm attached to the driver yoke; and actuator 3 rotates the driven yoke about its cross 
arm. The wrist, and hand axis systems are assigned as follows. 

The driver and driven shafts are aligned in the initial configuration of the wrist. 

The wrist axis system (Xw Vw Zw) is located at the intersection of the cross with 
A' iv directed along the driven shaft, Yw directed along the cross arm connected to 
the driver shaft yoke, and Zw directed along the cross arm connected to the yoke 
of the driven shaft to form a right-handed axis system. The forearm axis system 
(A> Y/,- Zp) is defined similarly when the shafts are aligned and is fixed in space. The 
hand axis system (Xu Yu Zn) is defined in the same manner when the shafts are 
aligned, but is attached to the driven shaft of the joint, so that Xu always points in 
the direction of the driven shaft. With these axis system definitions, actuator L performs 
a rotation of 0 about the Xw axis (a roll motion of the hand), actuator 2 performs 
a rotation of 0 about the rotated Yw axis (a pitch motion of the hand), and actuator 
3 performs a rotation of 0 about the rotated Zw axis (a yaw motion of the hand) in 
agreement with the Euler angle convention previously discussed. Therefore, equations 
(1), (2), and (3) are the resolved rate equations for actuators 1, 2, and 3, given com- 
manded rotational rates p, q, and r in the hand axis system. 

Although the single Hooke joint wrist has a singularity 0 = ±90° (a condition known 
as gimbal lock), the Hooke joint has physical constraints that limit the useful range of 
motion of 6 (and 0) to values well below this singularity because of the high torques 
required at the driver shaft when the angle between the driver and driven shafts (labeled 
ft in figure 4) approaches 90°. This is discussed in reference 9 where q — r — 0 and it 
is shown that the relationship between the commanded rotational rate p and the Euler 
angle rale 0 is 


0 1 sin' 2 0sin 2 ft 

The angle ft is of interest when calculating joint limits for the wrist and can be de- 
termined from 0 and 0 as follows. Figure 5 traces the movement of the tip of the 
Xw axis as it is rotated by an angle 0 about the Fw axis to the point x' and an 
angle 0 about the rotated Zw axis to the point x" . From the relations for right 
spherical triangle's (rcf.10) the relationship between ft , 0, and 0 is 


cos ft cos 0 cos 0 (6) 

Equation (6) can be used to limit the workspace of the wrist to a cone with an included 
angle of 2ft. 



il, is often more desirable for the wrist to have a singularity-free workspace of at least 
n hemisphere in telenperated tasks. This is possible if the wrist is e.onsl.rurted from two 
llooke joints and is discussed in the next section. 


Double Hooke Joint, Wrists 

A double llooke joint wrist is illustrated in figure 6 . In the configuration shown, 
the rotational rate 4>\ of the driver shaft of the first joint is equal to the rotational 
rate <j> 2 of the driven shaft of the second joint. However, it is very important to note 
that this relationship is true only if (A) the angle between the driver shaft of the first 
joint and the intermediate shaft, (5 j, is equal to the angle between the intermediate 
shaft and driven shaft of the second joint, f} 2 , and (B) the yokes attached to the 
intermediate shaft lie in the same plane. This can be proved by noting that in the 
analysis in reference 9, the driver angle of the second joint (7 in figure 4), is 90° ahead 
of the output angle of the first joint, (f>i , because of the way the zero positions of the 
angles are defined. 

Physically, the angles ()\ and (5 2 can always be kept equal if the two joints are 
geared in such a manner that the actuators which perform the 0 and V ’ rotations 
at the first joint also force equal additional rotations of 0 and t *p at the second joint 
through gearing between the joints. Reference 11 describes one implementation of this 
type of wrist. The forward kinematics for the double llooke joint wrist is developed first, 
followed by a derivation of the rate equations. 

The wrist and forearm axis systems for a double Hooke joint wrist are defined as 
in the previous section and are located at the first joint. For clarity, rotated wrist 
axis systems will be denoted by number as the forward kinematics is derived (e.g., the 
(.Vie 1 Y\v 1 Zw i) axis system is rotated into the ( Avvi Y\vi Z\y 2 ) axis system). The 
hand axis system is located at the center of the second joint and is attached to the 
driven shaft of the second joint. When fl\ -■ fi 2 -- 0 ° the hand axis system, wrist 
axis system, and forearm axis system directions are the same. The hand axis system is 
translated away from the forearm .axis system by the length l of the intermediate shaft. 

'I’he series of sketches in figure 7 show in detail the forward kinematics for this 
wrist. 'Phe initial position of the wrist is shown in figure 7(a). Starting from this po- 
sition, actuator 1 rolls the wrist an angle of <f> about the A V axis, resulting in the 
(A'vvi V'h'i Z w 1 ) axis system as shown in figure 7(b). A vector expressed in forearm 
coordinates is transformed to IFi coordinates by 



where 


Rot(A r , <j>) 


’I 0 0 o- 

0 C> S lf , 0 

0 -S+ C, b 0 

.0 0 0 1 . 


Next, actuator 2 rotates the cross arm connected to the driver yoke of the first joint an 
angle 0 about the Vwj axis resulting the in the (AV 2 V 'wz Zwz) axis system as 
shown in figure 7(c). A vector expressed in W l coordinates is transformed to W 2 co- 
ordinates by 


where 


( X\V2 ' 


r Xw 1 ) 

1 VW2 

\ 

> ~ Rot(Y\ 0) < 

yw 1 l 

l 

Zw 2 

Zw\ I 

{ 1 > 


, L i 


(8) 


u.ot(r,0) 


-C l} 0 -So O' 
0 1 0 0 
So 0 Co 0 
. 0 0 0 1 . 


Then, actuator rotates the driven yoke an angle t /> about the Zwi axis resulting 
in the (A'ws Zwu) axis system as shown in figure 7(d). A vector expressed in 
IV 2 coordinates is transformed to coordinates by 


wliere 


l XiV 3 


[ *VV2 | 

1 yw 3 

\ „ 

> - Rot(Z,0) < 

J/W 2 l 

ZW 3 

i 1 , 

l T 1 


(9) 


Rot {Z,4>) 


- C v , So, 0 0- 

■S,l’ ( C> 0 0 

0 0 I 0 

. 0 0 0 1 . 
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Recall that it is assumed that gearing between the two Hooke joints produces addi- 
tional 0 and t/> rotations at the second joint. The next three transformations in this 
derivation describe the effect of the gearing between the joints and the fact that the 
hand axis system is located at the center of the second joint. There are only three ac- 
tuators for this wrist. The following three transformations should not be confused as 
movements by more actuators. 

The (Xwu Vu ;i Z\v :: ) axis system is translated along the intermediate shaft (i.e., 
the ,\ iy axis) a distance / to the center of the second Hooke joint, resulting in the 
( A'w'i Yw - 1 Zwa) axis system as shown in figure 7(e). A vector expressed in coor- 

dinates is transformed to IT. | coordinates by 


{ X\V4 

yw4 

ZW4 

1 


— Trans (A', /) 


xw:t \ 
ywa { 

% 3 f 

1 ) 


( 10 ) 


where 


Trans(A',/) • 


‘I 0 0 -/' 

0 I 0 0 

0 0 I 0 

.0 0 0 I _ 


Next, another rotation of ?/’ about the Zwa axis takes place due to the gearing 
between the two joints, resulting in the (A'h'5 V'wr, %wn) ; 'xis system as shown in figure 
7(f). A vector expressed in W.\ coordinates is transformed to IVV, coordinates by 


’ Ill's ' 


' X\v 4 1 

yw 5 

> — Rot. (Z, 0) < 

yw4 { 

„ i 

-IVS 

ZW4 

, 1 , 


< l j 


( 11 ) 


Kinallv, also via the gearing, another rotation of 0 about the )\vr* axis takes place 
resulting in the hand axis system as shown in figure 7(g). A vector expressed in WV, co- 
ordinate’s is transformed to hand coordinates by 


f X-H 


x I V !) ) 

1 yu 
\ ~ 

> - Rot (r,0) < 

ywn \ 

( 

ZH 

ZW 5 

1 1 > 


, I J 


( 12 ) 
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Therefore, a vector expressed in forearm coordinates is transformed into hand coordi- 
nates by 




V’ 


Xr Xw i Xw2 —* Xw-.i Xw4 —* X\ 


vv 5 


X„ 


or, 



- Rot( V r , (?) [tot {Z, 0)Trans(A\ /)Rot(Z, 0)R.ot(F, (?) Rot (A', <f>) 



n/ < y 

7 1 


(13) 


It requires a little algebra to symbolically calculate the complete wrist transformation 


iv • 


where 


n x 

Or 

Or 

u r 

n y 

°V 

Oy 

u„ 

n s 

o~ 

a z 

u z 

. 0 

0 

0 

I . 


f 2 CjfC} - 1 | 

H ' - 'ICflS^Cxj, > 

( 2S 0 C,Cl J 

( 2C l) C tP (C, t> S^ H- S^S fl C t ) 
o - • - 26V(CV^V 1 S+SriCy.) I C„, 

[ 2St)C\i,(C,pS,j, \ S,f,S,)C,j,) - S,/, 

| 2C 0 C X ,,{S+S i , - C+S 0 C t ) 

d - l -2 Sy,(V>y, - C+SoC,,.) I 5,,. 
( 2S ll C tl ,{S /j ,S xJ , ■ C.j.SoCxj,) I C' (/) 

j «.v.Vt 

U - < > 

( -/5 fl CV J 


(M) 
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The inverse relation which transforms a vector in hand coordinates into the same vector 
in forearm coordinates is 


where 


( 1 


' xn ’ 

Vf l 
} z F 

T 1 < 

1JH > 
ZH 

l l J 


, 1 J 


and 


iv 


i 


71 x 71 y 
O x Oy 

0 X 0,y 

. 0 0 


n z —u-7i m 

o z — i t. • o 

a z ~u*a 
0 1 . 




f K’oC t 

\ l(C,/,S y, -\ S,j, S f ) C,j , ) 
v l ( (/< C/ >i> & a C )/, ) 


'I'he resolved rate equations are derived following a similar approach. Starting 
from the initial position, an angular rate <f> about Xp is transformed into the 
(A'wi Yw i Zw i) axis system: 


Rot (A", <{>) 



(16) 


Next, an angluar rate 0 about the YVi axis is added to the angular velocity vector of 
equation (16) and the resulting vector is transformed into the (Xwi Y\vz Zw' 2 ) axis 
system: 


Rot (Y\0) 




(17) 


Then, an angular rate ? r/> about the Zwz axis is added to the angular velocity vector 
of e<|uation (17) and the resulting vector is transformed into the (AVa Ywz Z\vz) axis 
system: 
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(18) 


\lnt(Z, xj>) 


{ d>('» ) 


. o 


| 4>f>o ( V 

? - < 


ictCt + ds* ' 
4>CoS„, i dc\. 

<i>S 0 I rji 

I 


A translation occurs along the AVa axis a distance l to the center of the sec- 
ond Hooke joint at this point in the forward kinematics. This does not affect the an- 
gular velocity vector in equation (18). However, the origin of the translated coordi- 
nate system has a translational velocity equal to the cross-product of the angular ve- 
locity vector and the position vector from the origin of the (A\v:>. Y\v:i Zwu) axis sys- 
tem to the origin of the (A’w 4 Ywa Z\v<\) axis system with both vectors expressed in 
(A'u/.-t Yw:\ Z W :i). Thus, 


»>tr 


- < 


(frCeC* + 0S+ ' 
-<})CoS^ -)- 
<j)S,) -(■ t/.i 

I 

0 

l{4>So -f ip) 

l(<pCflSxj, - 0C\]<) 

1 


m 

l? I 


(19) 


This velocity vector is expressed in Forearm coordinates as 


V Iran* | Rot( Z , »/>) I?.ot( Y, 0) Rot ( A', (p)\ 1 v'tra,,, 

‘ ( l{0SflC\, + ipCflS^,) 

) l\ >(.SV.S*0 - C+SeC^,) + diS+CflC^) f 0(CVC> - 6V.Sfl.SV)] 
/|^(t.v.sv I .sv.VflCV) • 6{c, t CoC+) i V-’(6VCV i-6V.sv>v)| 

i 


(20) 


Kquation (20) is integrated to obtain the position of the origin of the hand axis system 
expressed in forearm coordinates. 

Since the translational velocity of the center of the second universal joint has been 
taken into account, only the angular velocity vector is considered for the rest of the 
derivation. Clearing in the wrist causes additional rotational rates ij> and 0 to occur at 
the second joint. Hence, i}> is added to the //-component, of the angular velocity vector 
in equation (18). The resulting vector is transformed into (Xwa Ywa Z\vr>) by 
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Rot (Z, 0) 


(21) 


d>C„C\,, I 0S+ 
(j>CtiSxi< f- 0C\, 
<j>S() -I- 20 

1 


- 4>CflS2\j< ( 0('2\j> 

(j>So -I 20 


Finally, 0 is added to the V -component of the angular velocity vector in equation (21), 
and the result is transformed into (Xu Yu Zu) as 


Rot(Y',0) 


<f>C'()Cj‘2\l> I 0S 2x p 
4>C 0 S 2 y, )- d(C 2xl , + 1) 
4>Sfi + 20 

1 


U 
I I 


4>(cjc 24 , - Sft) 4- OCeSii, - 20. S', 
-4>C(,S- h , 4 0(C 2V , [ 1) 
4>SftC 0 (C 2x p 4- t) 4- dSeSi* 4- 20C, 

1 


( 22 ) 


The final transformed angular rate vector in equation (22) must, equal the com- 
manded angular rates, ;i, q, and r. Therefore, 


( V ) 

■ c'tc 2ll> .S- 2 c 0 s u , 

2 So 

()- 

In. 

■-(*oS 2\I> \ 1 

0 

0 

i r 

S ( )Co{C'Z^ + 1) Sof)2\i> 

2CV 

0 

l i ) 

0 0 

0 

t. 



(23) 


From equation (23), the resolved rate equations for the double Hooke joint wrist are 


0 



r tan 0 


(24) 


0 ( p cos 0 | rsin0)tan0 I q 


1-2 sin 2 0 \ 
2 cos 2 0 / 


(25) 


0 


psin 0 I q 


tan 0 tat) 0 \ 
" 2 ) 


r 


2 sin 2 0 
2 r or 0 


(26) 


The complete resolved rate equations for the double Hooke joint wrist are the ro- 
tational rate equations (24) to (26) and the translational rate equation (20). The ro- 
tational equations are singular for 0 - 4:90° and 0 = 4 90°. But, as with the sin- 

gle Hooke joint wrist, 0 and 0 should be limited to values well below these singular- 
ities due to the high torques required to roll the hand as (3 approaches 90°. Physi- 
cally, the singularity at 0 ----- ±90° means the first Hooke joint is in gitnbal lock, and 
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tin* singularity at 0 190" moans the* second Hooke; joint is in gimbal lock. For 

the wrist dismsseel in this section. the full range of 0 and 0 .should he limite*d to 
cos 0 cos 0 > cos '15°. Since these angles are doubled at the second joint, the wrist works 
over a nearly hemispherical range and the resolved rate equations are never singular 
within its joint limits. Note that the curve traced by the tip of an end effector mounted 
to the driven shaft of the second joint is not circular. The distance from the tip of the 
end effector to the center of the first universal joint is not constant. For example, when 
0 0 <j> - ()°, the distance from the center of the first universal joint to the tip of 

the end effector is / I e where e. is the length of the end effector. When 0 = 45° 
and 0 <f> -- 0°, this distance is shortened by lj\J 2. This should not be a significant 

problem for most applications. 

The double Hooke joint wrist complicates the manipulator Jacobian when calculating 
joint rates for the entire robot arm. If the wrist is purely rotational, the upper right 
3 >' 3 matrix of the Jacobian for the robot is zero as discussed in reference 1. This 
means that the inverse kinematics can be explicitly derived for a robot with six degrees 
of freedom because the commanded translational velocities are a function of only the 
waist, shoulder, and elbow joints, i.e., the commanded translational velocity provides a 
set of three equations in three unknowns. The vector in equation (20) expressed in robot 
base or hand coordinates becomes part of the Jacobian of a robot with a double Hooke 
joint wrist. This increases the computational effort required to resolve the joint rates of 
the robot because the commanded translational motion of the hand is a function of all of 
the joint variables. 


Actuators 2 and 3 of the Rosheim Omni- Wrist 

One practical problem with both the single and double Hooke joint wrists discussed 
in the previous sections is that the axes driven by actuators 2 and 3 (the Yw and 
Z\v axes) are rotated by actuator I. Therefore, actuators 2 and 3 must either be 
carried by actuator I or some other provision must be made to transfer rotations by 
actuators 2 and 3 into rotations of 0 and 0. The Rosheim Omni-Wrist described in 
reference I I presents one innovative solution to this problem. 

Tin* Omni-Wrist is shown in figure 8. The intermediate shaft of the two Ilooke joints 
is the inner ring of a bearing whose outer rings are attached to inner and outer gear 
drives. Actuators 2 and 3 perform the 0 and t /» rotations bv rotating the outer and 
inner gear drives, respectively. The inner gear drive rotates in the plane of the paper 
(about the V’/.- axis) and the outer gear drive rotates in and out of the paper (about 
the ///;■ axis) as shown in figure 8. A cutaway section of the outer gear drive is shown 
in the figure. The position of the wrist is 0 O' , 0 -- 45", and 0 0° as it 

appears in the figure. Rotations of the inner and outer gear drives uniquely determine 
the position of the outer rings of the bearing, and therefore determine the position of 
the intermediate shaft connecting the two Ilooke joints. The position of the intermediate 
shaft is also uniquely determined by the Euler angles 0, 0 , and 0. The relationship 



between the angles of actuators 2 and 2, denoted 0 a and 0„, respectively, and the 
Killer angles of f he wrist are developed in this section. 

Attach a coordinate system (.V,,,,/ V' ty ,/ to the inner gear drive whose position 

at t/’ 0 (j> 0" coincides with (.V/. 1 V'/.’ Zf). Similarly, attach another coordinate 

system (A Z og ,i) to the outer gear drive. The inner gear rotates about the 
Z lg ,i axis (i.e., the 1 Zp axis) and the outer gear rotates about the Y og ,i axis (i.e., the 
Vy axis). The outer rings of the bearing which are attached to the inner and outer 
gear drives are always coplanar with the plane defined by the Yi a ,i and Z og d axes. 
Since the intermediate shaft rides in the bearing, the axis of the intermediate shaft must 
therefore be perpendicular to the plane defined by Y{ g ,i and Z og ,i. The axis of the 
intermediate shaft is the AV.s axis shown in figure 7(d). Therefore, the actuator angles 
0„ and xj> a are related to the Euler angles (f), 0 , and x/> by 


X 


\v:>, 


1 tf/c/ • V Zo,j(l 
|1 ti/cZ * Z, tgi l\ 


(27) 


The Yi n , i axis expressed in forearm coordinates is 


Yigd Rot [Z,\l> tl ) 


n 


- 

T t ji 

0 

I 


1 1 


(28) 


The Z ntJt i axis expressed in forearm coordinates is 


z.. a ,i R<>t(r,0„) 


,Iol 
i ; i 


) 0 l 
I 1 


(29) 


From equations (28) and (29), the unit vector formed by the cross product of Y{ g( i and 
expressed in forearm coordinates is 
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'I'he .Viva axis expressed in forearm coordinates is 
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Substituting the results of equations (30) and (31) into equation (27) and equating 
vector components yields 
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The actuator angles for the llosheim Omni- Wrist are determined by dividing equation 
(34) by equation (32) and equation (33) by equation (32). Thus, 


0 a arctan 


tS 0 »S ^ , -|“ G 0 iS ^ G 0 


(35) 


i/> {l arctan 


G0»Sy, } » C, 0» C, ^C T y. 

G C ^ 


(36) 


If the Rosheim Omni- Wrist is controlled by integrating equations (27) to (29) and 
position commands are sent to actuators 1, 2, and 3, then equations (35) and (36) can 
be used to calculate the proper commands to send to actuators 2 and 3. 


CONCLUDING REMARKS 


'I bis paper has presented kinematic equations for gimbal-type robot wrists. The 
major benefit of the single llookc joint wrist is that it is a purely rotational wrist which 
does not produce translational motions of the end effector. However, the single Hooke 
joint wrist has a rather limited range of motion due to the physical limitations of Hooke 
joints. On the other hand, the resolved rate equations for the double Ilooke joint wrist 
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arc still fairly simple and limits on end effector motion are also in the desired range. 
However, the computational effort required to control the robot is increased if the double 
Hooke joint wrist is used because of the translational velocities it produces in the end 
effector. Actuator implementations for single and double Hooke joint wrists have not 
been discussed in detail because of the large amount of information already in print on 
the subject and the variations in robot wrist designs of this type which exist (see refs. 

12 and 12 and the similarities of the designs in refs. 6 and 7). The wrists in references G 
and 7 are also three axis wrists and are as effective in solving the singularity problems 
of conventional wrists as the Rosheim wrist. The Rosheim wrist may be well-suited 
for performing teleoperated assembly and repair applications because it can produce a 
true roll motion of the hand at any orientation using one actuator which is useful when 
performing tasks such as the insertion of screw fasteners. 
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Figure 3. Three-Axis Girnbal Robot Wrist. 
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(a) Initial Position, 0 \ = 02 = 0°. 

Figure 7. Forward Kinematics of the Double Hooke .Joint Wi 
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(b) Rot 

Figure 7. Continued. 
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(c) Rot(y,0). 
Figure 7. Continued. 
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(d) Rot (Z,0). 
Figure 7. Continued. 




(f) Rot {Z,rJj). 
Figure 7. Continued. 
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( g ) Roi(r,0). 


Figure 7. Continued. 
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Figure 8. The Rosheim Omni Wrist. 
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